The responses of a quasi-isotropic elliptical cylinder evaluated using a geometrically linear analysis are compared to the responses evaluated using a geometrically nonlinear analysis. It is shown that geometric nonlinearities tend to flatten certain responses in the crown region and reduce the magnitude of certain responses in the boundary region. An evaluation of failure using the Hashin and maximum stress failure criteria and geometrically linear and nonlinear analyses is presented. The failure criteria are used to assess the mode of failure, the location of failure, and the pressure at failure. Both criteria predict first failure to occur at the clamped boundaries because of matrix cracking due to stresses in the plane of the cylinder wall. The predicted failure pressures and circumferential locations are very similar for the two criteria, and the nonlinear analyses predict slightly higher pressures at somewhat different circumferential locations.
are identified by coordinates (x,s), where x is the axial coordinate, measured from the midspan location, and s is the circumferential arc-length coordinate, measured counterclockwise from the top, or crown, of the cylinder. The reference surface displacements in the axial and circumferential directions are denoted as u o (x,s) and v o (x,s), respectively, while the normal displacement is denoted by w o (x,s). Herein, only thin cylinders are discussed, and the orientation of the layers is defined relative to the +x axis in the laminate nomenclature. Here it will be assumed that the cylinder ends are clamped to a rigid end plate or bulkhead that can move axially.
Numerical results were obtained by using a semi-analytical method based on total potential energy and the Kantorovich and finite-difference techniques. The series approximations for the variation of the radius of curvature with s and the three components of displacement and their use in the expression for the total potential energy followed exactly the approach as used for the geometrically linear studies discussed in References [1] and [2] . The only exception was that in the present study the reference surface strains were related to the reference surface displacements by including the von Kármán approximations to the fully nonlinear strain-displacement relations. These are the underlined terms in the following strain-displacement relations: (1b)
These terms, of course, result in nonlinear governing equations, which are much more difficult to solve than their linear counterparts.
NUMERICAL RESULTS
Though ultimate interest with elliptical cylinders in the present case is for application to aircraft fuselage structures, initial experimental work will take place with small-scale cylinders. To that end, in the present study numerical results will be shown for eight-and nine-layer graphite-epoxy cylinders with semi-major diameters of 5 in., ellipticities of 0.7, and lengths of 12.5 in. The material and geometric properties of a layer of graphite-epoxy are taken to be (2) where h is the thickness of a single layer. The laminates considered are axially stiff, [±45/0 2 /90 1/2 ] S ; quasi-isotropic, [±45/0/90] S ; and circumferentially stiff, [±45/90 2 /0 1/2 ] S , where 0°is along the axial direction. These lay-ups were selected because each has at least one layer with its fibers in the axial direction, at least one layer with its fibers in the circumferential direction, and ±45°layers.
Influence Geometric Nonlinearities
This section examines the differences between linear and nonlinear analyses created by the nonlinear terms in Equations (1a-c). For this comparison a quasi-isotropic laminate is chosen. The effects of geometric nonlinearities are shown using two different types of figures. The first type is a three-dimensional format illustrating the response of one octant of the cylinder. The coordinate locations range from 0 ≤ x/L ≤ 0.5 and 0 ≤ s/C ≤ 0.25. The other type is two-dimensional in format, with the desired response plotted as a function of s/C. The two-dimensional format graphs show a comparison of linear and nonlinear analyses along a line at a particular x/L location to enable a closer examination of an issue that may be difficult to evaluate in a three-dimensional format.
The differences between linear and nonlinear analyses for circumferential cur- 
vatures are easily visible in Figures 2 and 3 , where normalized curvatures are illustrated. In the midspan region (x/L = 0) for the nonlinear analysis case, there is a significant flattening along the crown of the cylinder. As the normal displacement experiences a flattening effect at the crown, the circumferential curvature also tends to flatten at the crown of the cylinder. The transverse shear force resultant, Q x , seen in normalized form in Figures 4  and 5 , depends on the moment resultants and is defined by (3) The difference between linear and nonlinear analyses for the axial transverse force resultant occurs mostly in the boundary region. The magnitude of the peaks of the axial transverse shear force resultant at the sides (s/C = 0.25) are higher for the nonlinear case, while near the crown (s/C= 0) they are lower. Most noteworthy is that the change in sign is at approximately the same s/C location for both analyses.
Failure Analysis
In this section an evaluation of failure using the Hashin [3] and maximum stress [4] failure criteria is presented by considering geometrically linear and nonlinear analyses and axially stiff, quasi-isotropic, and circumferentially stiff cylinders. The failure criteria are used to assess the mode of failure (e.g., tensile or compressive fiber or matrix modes), the location of failure, and the pressure at failure.
The Hashin and maximum stress failure criteria are three-dimensional theories that are based on one-dimensional uniaxial and shear failure stresses which are denoted as follows:
= tensile failure stress in the fiber direction = compressive failure stress in the fiber direction (absolute value) = tensile failure stress transverse to the fiber direction = compressive failure stress transverse to the fiber direction (absolute value) = transverse failure shear stress = axial failure shear stress
For graphite-epoxy, typical values of the failure stresses are as follows [4] : (4) The failure modes of the Hashin criterion can be denoted as follows: 
Hence, the cylinder is assumed to be safe from failure if all four left-hand sides of Equations (5)- (8) are less than unity, and failure is assumed to have occurred if any one of the four-left hand sides equals unity. In the above, the subscripts 1, 2, and 3 on the stresses denote principal material system stresses, which is conventional notation. The failure modes of the maximum stress theory can be denoted as follows:
Compressive Modes ( 1 , 2 < 0):
With this form of the failure criterion, the cylinder is assumed to be safe from failure if all seven of the left-hand sides of Equations (9)-(11) are less than unity, and failure is assumed to occur if any one of the seven left-hand sides equals unity. 
To make use of either failure criterion, computation of the inplane and interlaminar shear stresses in the principal material coordinate system was necessary. The computation of the inplane stresses followed the standard approach of the classical lamination theory. Computation of the interlaminar stresses was more complicated. For the geometrically linear case, the equilibrium equations of elasticity were integrated through the thickness of the cylinder wall to obtain expressions for the interlaminar stresses. These stresses were used in the failure analysis and were found to have minimal influence on the failure predictions and could have been ignored without introducing significant error. The equilibrium equations of elasticity for the geometrically nonlinear case were quite complex compared to the linear case. Therefore, as an approximation, the interlaminar stresses for the geometrically nonlinear failure analysis were computed from the geometrically linear equations. In light of the minimal impact of the interlaminar stresses on the failure analysis, this approximation was felt to be justified.
To compute the predicted failure pressure using the geometrically linear theory, the analyses were conducted using an internal pressure p o of 100 psi. The left-hand sides of the two failure criteria were then evaluated as a function of axial, circumferential, and through-thickness location. For each criterion the left-hand side that was closest to unity identified the failure location and failure mode. The pressure to cause failure was then determined by scaling the 100 psi.
Two issues were immediately obvious from the linear failure analysis. First, as mentioned above, the interlaminar stresses did not contribute to failure. The interlaminar stress components were much smaller than the inplane components, and although the interlaminar failure stresses were small, the components contributed little to the polynomials of the Hashin criterion and did not play a role in the maximum stress criterion. Second, both the Hashin and maximum stress criteria predicted failure to be due to inplane matrix failure, i.e., matrix cracking, due primarily to tensile stress perpendicular to the fibers. Since matrix cracking is not generally catastrophic, it was felt important to look at other failure conditions. Therefore, the pressure to cause fiber failure also was computed. Any degradation in properties due to matrix failure occurring before fiber failure was ignored.
The upper quarter of Table 1 summarizes the findings of the linear analyses for the three laminates and the Hashin failure criterion. The table shows the failure pressure, p f , the failure location, the failure mode, and the ratio of the bending component of the stress at the failure location, σ κ , to the in-plane component of stress there, σ ε . Both the matrix and fiber failures are considered. All failures occurred at the end of the cylinder. As can be seen from the upper quarter of the table, for the axially stiff cylinder, matrix failure occurred at 130 psi at the inner interface of the inner layer, i.e., loc = 1/1. In this particular instance the term inner interface is somewhat misleading because there is no interface between layers at the inner interface of layer 1, the inner +45 deg. layer. The inner interface of layer 1 is the inner radial location of the cylinder wall. Circumferentially, failure occurred about one-third of the distance from the crown to the side (s/C = -0.07, see Figure  1 ). Failure was due to high stresses perpendicular to the fibers in the plane of the layer, i.e., σ 2 . In this particular situation, the component of σ 2 due to bending effects was 3.3 times larger than the component of σ 2 due to inplane effects. This ratio could easily be obtained by comparing the level of stress due to reference surface curvature effects with the level of stress due to reference surface strain effects.
Since failure occurred at the end of the cylinder, large bending effects were to be expected due to the bending boundary layer there. For fiber failure, a stress of almost twice the level was required, 242 psi, and the mode of failure was compression in the fiber direction. The failure occurred in layer 9, the outer layer, at interface 2, the outer interface, i.e., the outer radius of the cylinder. This was a shift from the inside of the cylinder for matrix failure to the outside for fiber failure. The effect of bending also was reduced for the fiber failure. The characteristics of the failure for the quasi-isotropic cylinder were similar to those for the axially stiff cylinder. The location of failure, the near doubling of the pressure to produce fiber failure, and the shift from an inner location for matrix failure to an outer location for fiber failure were all similar. The character of failure for the circumferentially stiff cylinder was somewhat different from the other two. The failure pressure for matrix failure was lower than for the other two, and the failure locations were different. Matrix failure occurred in a layer outside the reference surface, layer 7, a 90°layer, at the sides of the cylinder, s/C = ±0.25. At that location bending effects were not as important as inplane effects, as indicated by the ratio of 0.33/1. An examination of the deformations of the ellipse (not shown) revealed that at the crown and keel, bending deformations were more pronounced than at the sides, so the reduced role of bending effects at the sides of the cylinder was not surprising. Also, layer 7 was closer to the reference surface, a location where there was less bending effect than, say, at layer 9. For fiber failure for the circumferentially stiff cylinder, fiber compressive failure was again the mode, and this occurred at the outer radial location in layer 9, a +45°layer. The circumferential location was about one-quarter of the distance from the crown to the side. Please note that although the s/C locations in Table 1 imply that failure occurred only in the crown locations, failure also occurred at a counterpart keel location and at both ends of the cylinder. To compute the failure pressure using the geometrically nonlinear analysis, iteration was used, each iteration using a different internal pressure. The first step in the iteration process followed the failure analysis for the geometrically linear case; namely, the analysis was conducted for a pressure of p o = 100 psi. Considering the maximum stress criterion as an example, the seven left-hand sides of the failure criterion were computed and the failure pressure, p f , was determined by scaling. The geometrically nonlinear analysis was then conducted again using this predicted failure pressure, i.e., now p o was the failure pressure predicted from the first step. The seven left-hand sides were recomputed and were used to compute a new failure pressure, again by scaling. If this failure pressure prediction was within 10% of the first iteration's failure pressure prediction, the iteration process was considered converged. If the second failure pressure prediction was not within 10% of the first prediction, the geometrically nonlinear analysis was repeated using the second failure pressure prediction as p o and the failure predictions made again. A similar iteration procedure was used for the Hashin criterion and the four left-hand sides in that criterion.
The second quarter of Table 1 summarizes the findings of the nonlinear analyses for the three laminates and the Hashin failure criterion. Considering the axially stiff case, it is seen that relative to the geometrically linear analyses, geometric nonlinearities led to slightly higher failure pressures, e.g., for matrix failure 135 psi vs. 130 psi. As in the linear case, for matrix failure the tensile stress component σ 2 was responsible for failure, and for fiber failure, a compressive σ 1 was responsible. For both matrix and fiber failure the through-thickness locations were identical to the linear case, and the circumferential location of failure moved just slightly away from the crown. The ratio of the bending component of stress to the inplane component was slightly lower for the geometrically nonlinear case. This was felt to be due to the flattening effect caused by geometric nonlinearities. The comments for the axially stiff cylinder apply to the quasi-isotropic cylinder. With regard to the circumferentially stiff case: although geometric nonlinearities did not appear to significantly influence matrix failure, they did influence fiber failure predictions. The predicted mode changed from fiber compression for the linear analysis to fiber tension for the nonlinear analysis. Additionally, the location for the nonlinear analysis was near the sides as opposed to being in the crown area. The reason that the linear and nonlinear analyses did not agree for the fiber failure condition is that in the Hashin criterion for tensile fiber failure, the shear stress τ 12 is involved [see Equation (5)]. For the nonlinear analysis the value of τ 12 was greater than for the linear analysis, and the values of tensile σ 1 and τ 12 near the side of the cylinder outweighed the high value of fiber compression stress in the crown region.
The bottom half of Table 1 summarizes the use of the maximum stress criterion to predict failure. An examination of the maximum stress criterion prediction reveals that many entries are similar, if not identical, to the Hashin criterion prediction. For the matrix failure, the stress component σ 2 was so dominant that the Hashin criterion reduced, in effect, to the maximum stress criterion. The additional terms in the Hashin criterion had little influence. For fiber compression failure the Hashin criterion is identical to the maximum stress criterion, so the entries would be identical in those cases. The primary difference occurred with fiber failure for the circumferentially stiff cylinder. Whereas with the nonlinear analysis the Hashin criterion predicted fiber tensile failure at the outer radial location near the sides, for the reasons discussed above, the maximum stress criterion prediction was similar to the linear analyses for both the Hashin and max-imum stress criteria, namely fiber compression at the outer radial location in the crown region.
CONCLUSIONS
The effects of geometric nonlinearities on responses seem to split into two categories: those due to flattening of the crown of the cylinder and those involving a change in magnitude of the behavior at the boundary. Flattening of the crown of the cylinder was seen in the circumferential curvature, while the change of the behavior at the boundary was seen in the axial transverse shear force resultants, Q x . An evaluation of material failure using geometrically linear and nonlinear analyses and the Hashin and maximum stress failure criteria resulted in the following. For matrix failure, for both criteria and for all three cylinders, compared to the linear analyses, the geometrically nonlinear analyses predicted slightly higher failure pressures and similar failure locations. For fiber failure, for both criteria and for the axially stiff and quasi-isotropic cylinders, compared to the linear analyses, geometric nonlinearities also predicted slightly higher failure pressures and similar failure locations. For fiber failure and the circumferentially stiff case, the Hashin criterion predicted that geometric nonlinearities cause the failure mode to switch from fiber compression to fiber tension, and the failure location changed from the sides of the cylinder to the crown region. On the other hand, the maximum stress criterion predicted fiber compression failure for both linear and nonlinear analyses at very similar locations. This disagreement between fiber tension failure and fiber compression failure was not considered serious. As was stated, the difference could be traced to the presence of shear terms in the Hashin criterion. An examination of the details showed that the Hashin failure criterion was almost satisfied for the nonlinear analysis at the location where the maximum stress criterion was satisfied. Finally, bending effects dominated the failure for the axially stiff and quasi-isotropic cylinders, and inplane effects were more important for the circumferentially stiff laminate.
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